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Abstract 

We extend the geometric Hamilton-Jacobi formalism for hamiltonian mechan- 
ics to higher order field theories with regular lagrangian density. We also inves- 
tigate the dependence of the formalism on the lagrangian density in the class of 
those yelding the same Euler-Lagrange equations. 
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m ! Introduction 

The Hamilton-Jacobi (HJ) formalism is a cornerstone of the calculus of variations (see 
for instance p]) and the theory of Hamiltonian systems. Moreover, it is a first, impor- 
tant step through the quantization of a mechanical system (see, for instance [2] , see also 
[3]). HJ formalism can be readily extended to first order Lagrangian (and Hamiltonian) 
field theories [TJ H]. Moreover, both its original version and its first order, field theo- 
^ ■ retic extension posses an effective geometric formulation in terms of symplectic [5] and 

multisymplectic EJ |9] geometry respectively. Finally, in j6] the authors formulate in 
geometric terms a generalized HJ problem depending on the sole equations of motions 
(and not directly on the Lagrangian, nor the Hamiltonian function itself). In particu- 
lar, such generalized problem can be stated for any SODE on the tangent bundle and 
any vector field on the cotangent bundle of a configuration manifold, and thus it has a 
wide range of applicability. The aim of the present paper is to formulate in geometric 
terms a (generalized) HJ problem for higher order Lagrangian field theories, in view of 
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its application to both variational calculus and theoretical physics. Recall that higher 
order Lagrangian field theory has got a very elegant geometric formulation (see, for 
instance, [ID]). Moreover, the Hamiltonian formulation of Lagrangian mechanics has 
been recently extended to higher order field theories (on fiber bundles) by the author 
[11J. Unlike previously proposed ones, the Hamiltonian formalism of [TT] is free from 
any relevant ambiguity and does only depend on the action functional and the order 
of a Lagrangian density up to isomorphisms. Such theory is the starting point of the 
present work. It should be finally mentioned that we restrict to regular Lagrangian 
field theories. The HJ formalism for general Lagrangian field theories will be analyzed 
elsewhere (see JT3] for the case of a singular mechanical system). 

The paper is divided into eight sections and one appendix. The first section summa- 
rizes the notation and convention adopted throughout the paper. Section [2] summarizes 
very well known facts about Ehresmann connections whose geometry plays an impor- 
tant role in the whole paper. Section |2] also contains some less standard definitions (and 
results) about relative connections. In Section [3] we present a finite dimensional version 
of the formalism in [UJ. Namely, Section [3J contains some results of [TT] but they are 
here derived in a new, original fashion. Section [3] also contains some original results 
which are presented here for the first time. In Section H] we show that although the 
concept of Legendre transform has no natural generalization to higher order Lagrangian 
field theory, it is still possible to give a natural, geometric definition of "inverse Legen- 
dre transform" for regular theories. Such inverse Legendre transform plays a prominent 
role in the HJ formalism. In Section |5] we extend to higher order, regular, Lagrangian 
field theories (in the Hamiltonian picture) the generalized HJ theory of [6]. In particular 
we state a generalized H J problem and characterize its solutions. In Section [6] we state 
the (non-generalized) HJ problem for higher order field theories and present coordinate 
expressions of all involved geometric objects. In Section [7] we study the dependence of 
the HJ problem on the choice of a Lagrangian in the class of those yielding the same 
Euler-Lagrange equations. In particular, we find that the HJ problems determined by 
equivalent Lagrangians (of the same order) are equivalent as well. Thus the HJ for- 
malism depends on the sole action functional (and the order of a Lagrangian density) 
up to isomorphisms. In Section [HI we illustrate the higher order, field theoretic HJ 
problem via a specific, simple example: the biharmonic equation. The paper in com- 
pleted by an appendix in which we characterize Hamiltonian field theories coming from 
(hyperregular) Lagrangian field theories. 

1 Notations and Conventions 

In this section we collect notation and convention about some general constructions in 
differential geometry that will be used in the following. 
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Let iV be a smooth manifold. If L C A" is a submanifold, we denote hy ii '■ L "-^ N the 
inclusion. We denote by C°°(N) the R-algebra of smooth, R-valued functions on TV. We 
will always understand a vector field X on iV as a derivation X : C c<y (N) — > C°°(N). 
We denote by D(N) the C 00 (A^)-module of vector fields over N, by A(M) = fc A fe (A0 
the graded R-algebra of differential forms over N and by d : A (AT) — >■ A(N) the 
de Rham differential. If F : Aq — >■ AT is a smooth map of manifolds, we denote by 
F* : A(AT) — > A(A"i) the pull-back via F. We will understand everywhere the wedge 
product A of differential forms, i.e., for uj,uji G A(AQ, instead of writing wAwi, we will 
simply write wwi. 

Let a : A — > N be an affine bundle (for instance, a vector bundle) and F : Ni — > N 
a smooth map of manifolds. Let srf be the affine space of smooth sections of a. The 
affine bundle on N\ induced by a via F will be denoted by F°(a) : F°(A) — > N: 



F°(A) 



F°(a) 



-> AT 



and the space of its section by F°(srf). For any section a <E &/ there exists a unique 
section, which we denote by F°(a) G F°(^), such that the diagram 



F°(A) 

F°(a) 



A 



■> AT 



commutes, li F : N\ — )> AT is the embedding of a submanifold, we also write • \p for 
F°(.). 

We will often understand the sum over repeated upper-lower (multi) indexes. Our 
notations about multiindexes are the following. We will use the capital letters /, J, K 
for multiindexes. Let n be a positive integer. A multiindex of length A; is a fctuple of 
indexes / = (ii, ■ ■ ■ ,ik), h, ■ ■ ■ ,ik < n. We identify multiindexes differing only by the 
order of the entries. If / is a multiindex of length k, we put \I\ := k. Let / = (ii, . . . ,ik) 
and J = (ji, . . . ,ji) be multiindexes, and i an index. We denote by 1.1 (resp. It) the 
multiindex (h, . . . , i k ,ji, ••• ,ji) (resp. (h, . . . , i k , i)). 

Let f : P — > M be a fiber bundle. For < I < k < oo, we denote by £ fc : J fc ^ — >■ M 
the bundle of fc-jets of local sections of £, and by : J fc ^ — > J l £ the canonical 
projection. For all k > 0, £fc+i,fc : J fc+1 ^ — ► J fc ^ is an affine bundle. For any (local) 
section s : M — > P of n, we denote by j k s : M — > J k ^ its fcth jet prolongation. 
Let . . . ,x\ . . . be coordinates on M and . . . , x\ . . . , y a , . . . bundle coordinates on E. 
We denote by . . . , x\ . . . , ?/ a |/, ... (or simply . . . , x\ . . . , yj, . . . if this does not lead to 
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confusion) the associated jet coordinates on J k £, \I\ < k. Let £' : P' — > M be another 
fiber bundle and $ : P — > P' a bundle morphism. For any (local) section s : M — > P 
of £, $ o s : M — > P' is a (local) section of £' and, for all /c > 0, there exists a unique 
morphism of bundles over M, $rfci : J fc £ — >■ J fc £', such that o = j'a,.($ o s) for 
any local section s of £. 

Let £ be as above. We denote by ^£ and Jt£ the multimomentum bundle and 
the reduced multimomentum bundle of £, respectively, and by : Jt£ — > M and 
r o£ : — * -P the canonical projections (see, for instance, [I2])- Sections of — > P 
are affine maps from sections of £10 : J l £ — > P to top forms on M. Similarly, sections 
of Tq£ are the linear parts of sections of ^£ — > P, so that the projection — > Jt£ 
is a one dimensional affine bundle. 

2 The "Technology" of Connections 

In this section we discuss some standard and not so standard definitions and results 
about (Ehresmann) connections. 

Let £ : P — > M and . . . , x\ . . . , y a , . . . be as in the previous section. We denote by 
Ai(P,|) = fe Ai(-P,O C A(P) the differential (graded) ideal in A(P) made of differ- 
ential forms on P vanishing when pulled-back to fibers of £, by A q (P, £) = ® fe A*(P, £) 
its g-th exterior power, q > 0, and by VA(P, £) = ® fe VA fc (P, £) the quotient dif- 
ferential algebra A(P)/Ai(P,0, ^ : VA(P,0 — ► VA(P,£) being its (quotient) dif- 
ferential. By abusing the notation, we also denote by d v the (quotient) differen- 
tial in A q (P, £)/A g+ i(P, £) ~ VA(P, £) ® A'(P, £). There are canonical isomorphisms 
A|(P,0 ^ T(A 9 (M)), g > 0, and VA x (P,f) ~ Rom(VD(P^),C°°(P)), VD{P,{) being 
the module of ^-vertical vector fields over P. In the following we will understand all 
the isomorphisms above. 

K-i( p >0 and ® A ^-i(P>0 ( in this section, tensor products are over 

C°°(P), unless otherwise indicated) identify canonically with the modules of sections 
of — > P and Tq£ : jt£ — > P respectively. Accordingly, there is a tautologi- 
cal ra-form O on with the following universal property. For any 77 G A™_ 1 (P, £), 
77 = r/*(0). Similarly, there is a tautological element 6 G VA^J^r^) ® A™:*(P,£) 
with the following universal property. For any 77 G KA 1 (P, £) £g> A™l}(P, £), 77 = 77* (G). 

We denote by C(P, £) the affine space of (Ehresmann) connections in £. C(P, £) 
identifies canonically with the (affine) space of sections of the first jet bundle £l ( q : 
J 1 ^ — P and in the following we will understand such identification. In particular, for 
V G C(P, £), we put . . . , V" := V*(?/j a ), . . ., where . . . ,yf, . . . are jet coordinates in J 1 ^. 
The V"'s are the symbols of the connection V. Recall that a (local) section a : M — > P 
is V-constant for some connection V G C(P, £) iff, by definition, V o cr = j^er, where 
jicr : M — )■ J 1 ^ is the first jet prolongation of a. A connection V in P determines a 
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splittings of the exact sequence 

V D(P, — ► D(P) — ► f(Z)(M)) — ► (1) 

and its dual 

<_ VA^P.O <— A X (P) <— A}(P,0 <— 0. (2) 

Thus, using V one can lift a vector field X on M to a vector field X v transversal to 
fibers of £. Moreover, V determines an isomorphism 

A(P)~0VA*(P,O®A«(P,O, 
p,? 

and, in particular, for any p, g, a projection 

i™(V) : A p+9 (P) — ► VA^(P,0 ® A^(P,0, 

and an embedding 

e™(V) : VA P (P,0 <g> A«(P,0 — >• A P+9 (P) 

taking its values in A P+IJ (P, ^). For instance, e 1 ' n ~ 1 (V) is geometrically described by a 
section Sy : «/'£ — > ^£ of the afline bundle ^£ — > J'£. 

Finally, every connection V defines a vector valued differential 2-form, its curvature, 
P v GA2(P,0®ra(P,0,via 

p v (x, y) -.= [x v , y v ] - [x, y] v , x, y e d(m) 

Locally, 

P v = R^dxi <g> R% = |(AV, a - P^V") o V. 

where Di := <9j + y®^, <9i := i = 1, ... , n. A connection V is flat iff, by definition, 
P v = 0. If V is a flat connection in £, then P is locally foliated by (local) V-constant 
sections of £. 

In the following, it will be also useful the concept of a relative connection. Let £ : 
P — s> M be as above, £ : N — > M another fiber bundle, and F : N — > P a 
bundle morphism. A relative connection along F is an element □ of the afline space 
P o (C(P,0), i-e., a section of the induced bundle P°(£i, ) : P°(^0 — > N, or, which is 
the same, a map □ : N — > J 1 ^ such that £i 5 o ° □ = F. A (local) section E : M — > N 
of £ is D-constant, for a relative connection □ e P°(C(P, £)), iff, by definition, □ o £ = 
ji(PoE). A relative connection □ along P determines a splittings of the exact sequence 

o — ► p°(ra(p,0) — ► p°P(p)) — ► C°P(M)) — ► 
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and its dual 

<_ F°(VA\P,0) <— F°(A\P)) <— A\(N,C) <— 0, 

which are obtained from sequences ([I]) and (J2]) by tensorizing for C°°(N). Thus, using 
□ one can lift a vector field X on M to a relative vector field X u along F transversal 
to fibers of £. Moreover, □ determines an isomorphism 

F°(A(P)) ~ 0F°(W(P,O) ® A|(JV,C), 

and, in particular, for any p, g, a projection 

i™(D) : F°(A^(P)) — ► F°(W(P,£)) ® A»(JV,C), 
and an embedding 

e p '"(D) : F°(VA P (P,0) ® A«(JV,C) — > F°(A P+9 (P)) 

taking its values in F°(A P+I? (P, £)). For instance, e 1,T1_1 (n) is geometrically described 
by a section S v : F o (J f — ► P°(^) of the affine bundle F (JZt) — ► F°(J j 0- 

Example 1 Lei £ : P — )• M be as above, y E P and z E £10(2/) C J 1 ^. 2 can 6e 
understood as a relative connection along the embedding y : * — > P at y of the one 
point manifold *. If u) E A^1 1 (P, £) is a PD-Hamiltonian system on £ in the sense of 
IT1$ , then its first constraint submanifold & is defined as 

@> : ={yeP \ i^ n {z){u3\ y ) = for some z E £$(y)} C P. 

Example 2 Let £ : P — > M be as above and a : M — > P a (local) section of £. It 
is sometimes useful to understand j\a : M — > J 1 ^ as a relative connection along a. 
For instance, if u E A"1 1 (P, £) is a PD-Hamiltonian system on £ ; the PD-Hamilton 
equations fT^j for a read 

t 1 ' n (j 1 a)(cu\ (T ) = 0. 

Example 3 Consider a fiber bundle it : E — > M and, for some I, the projection 
^1+1,1 '■ J 1+1 tt — > J l n. Let . . . , x\ . . . be coordinates on M and . . . , x\ . . . , u a , . . . bundle 
coordinates on E. There is a canonical relative connection along 7174.1 j. Namely, recall 
that J 1+1 tt is canonically embedded into J l ni via 

V : J l+1 n 3 (j l+1 s)(x) .— > E J\, 

where s is a local section of n and x E M. ^ is a relative connection and locally 
. . . ^*{u"\i) = Uji, . . ., \I\ < I. will be called the Cartan (relative) connection along 
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7Tj+i,j. Notice that - constant sections of 717+1 are precisely holonomic sections, i.e., 
sections of the form ji+\S : M — > J l+1 n for some section s of ir. Finally one can draw 
the following commutative diagram 




where h is the composition of "H<# and the projection r K°, ll {^ , Ki 
that h is a morphism of bundles over JT717. Moreover, let 
coordinates on Jftiti IT^ associated to jet coordinates . . . , x\ . . . , uf, 
Then h is locally given by h*{p) = Yl\i\<iPa iu H- 



(3) 



^iTi . Notice 
,p be standard 
on J 1 , \i\ < /. 



3 Lagrangian-Hamiltonian Formalism 

In this section we present a finite dimensional version of the formalism of [TT] . 

Let 7r : E — )• M be a fiber bundle and . . . , x\ . . . , uf, . . . , p ! a \ . . . , p coordinates on 
^717 as in Example [3j i = 1, . . . ,n, a = l,...,m, dim M = n, dim E = m + n. In the 
following we put J k := J k 7i, k > 0. 

Definition 1 A Lagrangian field theory of order I + 1 is a pair (ir, Jzf ) where is a 
Lagrangian density of order I + 1, i.e., an element of A™(J' +1 , 717+1). 

Let (-7T, ££ ) be a Lagrangian field theory of order l+l. J?f is locally given by J?f = Ld n x, 
L being a local function on J l+1 . Extremals of the variational 
principle J are solutions of the Euler- Lagrange equations, i.e., (local) sections of ir, 
s : M — > E such that 

(j 2l+2 s)°(E(JZ>)) = 0, (4) 

.E(Jzf ) e T^2i+2 o(^-(-^' 7r ) ®A being the Euler-Lagrange form (see, for instance, 

[15J), which is locally given by 

E(Sf) = £kd v u a ® d n x 
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where := X]|/|<i+i( — Y^Did^L, a = 1, . . . ,m, are the variational derivatives of L, 
D(i Xv ..,i k ) := D h o- ■ -oD ih , Di = d i +J2\i\> / u%d^ is tlie ith total derivative, £ = 1, . . . ,n, 
and d ! a := a = 1, . . . , m, \I\ > 0. 
Consider the commutative subdiagram of (j3J) 

p 



where p is the canonical projection. Here and in what follows P := Ptti and ^ := 
j&'Ki. Similarly, we put t\ := TqTTi : P — > J 1 and P := Pui : P — > M. Consider 
also the n-form 9' on 7r° +1 i(P) defined as 

9' ■= h*(6)+p*(&), 

O being the tautological n-form on j& . 9' is locally given by 

9 ' = EuiKiPadu^d^Xi - Ed n x, 

where d n ~ x Xi := iQ i d n x and E := 'Yli\i\<iP I a u 'ii ~ L. d& is a PD-Hamiltonian system on 
the bundle 7T Z ° +1Z (J^) — > M, whose first constraint submanifold & is locally defined 
by 

d' a L - E\j\<iSjiPa = 0, |/| = J + 1, (5) 

where the symbol 5^ is equal to 1 if the mutliindexes I and K coincide and is equal 
to otherwise. In particular, & has the same dimension as P and & — > J l+1 is an 
affine bundle. However the map 2? — > P needs not be submersive. As will be clear 
in a moment, it is natural to give the following 

Definition 2 The theory (it, Jzf ) is hyperregular iff the map — > P is a diffeomor- 
phism. 

The above definition generalizes the standard definition of a hyperregular Lagrangian 
system on the tangent bundle of a configuration manifold. In the following we will 
always assume (tt, Jzf) to be hyperregular. In particular, the matrix 

H:= IK^L)^)!!^, |I|,|tf| = / + l, (6) 

where the pairs (a, I) and (/3, K) are understood as single indexes, has maximum rank 
at every point 9 e J l+1 . The case when matrix ([6]) has lower rank (which is physically 
relevant for gauge theories) will be treated elsewhere. 
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Notice that, inverting the diffeomorphism & — > P (and composing with ig> : & — > 
7r r+y( jt )) we § et a section s : P — ► 7T° +1/ (jt) of vr° +1/ (jt) — > P. Put := s*(0')- 
Then, locally 

= T l \I\<lP I a du 'l dn ~ lx i ~ H(Tx, 

where if := s*{E). Moreover, a; := dd is a PD-Hamiltonian system on P and deter- 
mines PD-Hamilton equations 

• 1 '»(jia)(wU) = (7) 
for (local) sections a of 717. Equations ([7]) read locally 



u . _ _ as 

Fa n du 



dH ' 



\I\ < h (8) 



"J n 



where a denotes differentiation of "•" with respect to x\ z = 1, . . . , n. Eqs. (jSJ) are 
higher order de Donder field equations [IB] . Accordingly, Equations jTJ will be refereed 
to as the Hamilton-de Donder-Weyl Equations (HDWE) determined by the field theory 

In the remaining part of this section we provide an alternative description of 9. First 
of all, notice that, in view of the universal property of 0, there exists a unique morphism 
of bundles over J\ L : 7rf +1 t (P) — >■ such that 

p*(JSf) =L*(6). 

L is locally given by ... , L*(p^*) = 0, . . . , L*(p) = —L, \I\ < I. 
Consider the section Jf? := s o (h + L) : P — > M of M — > P. 

Definition 3 is called the Hamiltonian section of the Lagrangian field theory 

Proposition 1 9 = JT*(Q). 
Proof. Indeed, 

9=5* {9') 
= s*{h*{Q) +L*(0)) 

= (s*o(/i+L)*)(e) 

= ((/i + L)os)*(0) 

= jr*(e). 

■ 

It follows from the above proposition that locally Jtf*(p) = H . 
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4 The Inverse Legendre Transform 



Notice that, in the previous section, we introduced the Hamiltonian formalism for the 
Lagrangian theory (tt, j£f) without defining a (higher order analogue of the) Legendre 
transform. Actually, a Legendre transform can be only introduced by means of an 
external structure such as a coordinate system, a Lepagean equivalent of J*f [17], a 
connection in 7r [18], or a Legendre form [T9| [20] . Among these structures, there is 
generically no distinguished one. Therefore, for the sake of the naturality of the for- 
malism, we prefer not to introduce any Legendre transform. Nevertheless, the concept 
of an "inverse Legendre transform" can be introduced without ambiguity as follows. 

Put leg" 1 :=pos: Jt — > J l+1 . Clearly, leg -1 is a(n affine) bundle and a morphism 
of bundles over J 1 . 

Definition 4 leg 1 : Jt — > J l+1 is called the inverse Legendre transform. 

In the remaining part of this section we provide an alternative description of the 
inverse Legendre transform. 

First of all, notice that u is an unconstrained PD-Hamiltonian system on J< in the 
sense that its first constraint submanifold coincides with the whole . Namely, for any 
P G ,P the subset 

Keru\ P := {z G (r^ (P) | i^{z){u\ P ) = 0} C (t*)$(P) 

is non-empty. 

Proposition 2 For any P G J\ {t~q)[i](z) G J l ni is independent of the choice of z G 
Ker oj\p. 

Proof. Let P G and z G Ker uj\ p . Choose standard coordinates . . . , uf, . . . ,Pa\ . . . 
around P and let ... , zfu := uf\j(z), . . . , z^y := Pa*\j(z), ■ ■ •• Then 

= i l > n {z){u\ P ) = -Ei/i^W* + W}{P))d V UT + E\i\<i( z ?\i - M?( P )W<?\ ® d n x\ P . 
In particular, 

which do only depend on P. Since the zf^a completely identify (Tg)[i](2), the assertion 
follows. ■ 

In view of the above proposition (and its proof), the map 

FJT : J ] 3 P i — > (ri)[i](2) G J l n h z G Kerw| P , 

is a well-defined morphism of bundles over J 1 locally given by ... , ¥M'*{uJ\j) = -^tj, • • •, 
|/| < /. In particular, WJf? identifies with the fiber derivative of J$? (see for instance 

EU). 
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Proposition 3 Diagram 




commutes. 

Proof. Put . . . ,5} := 5*{u a j) . . ., \ J\ < I + 1. Clearly, ...,£% = u% ... for \ J\ < I + 1, 
while, for | J| = I + 1, the Sj's are implicitly defined by 

(^-E|jc|<i^- < )°« = °. 1-^1 = ' + 1. ( 9 ) 
which expresses the fact that s takes its values in @* . Now, for |/| < I, compute 

fjt*k n ) = Mj 



-H 05 + E W < i+1 (^)(^o S ) 

= E|,/ N+ i(4^) - £ w 4^>* 

= «*(«?<) 

= (**° **)(«?<) 

= ( S *op*or)«| t ) 
= (^opo S )*« |l ) 

= (^oleg- 1 )*K K ). 

Since both E^ 7 and ^ o leg -1 are morphisms of bundles over J 1 , this concludes the 
proof. ■ 

In particular, im¥J^ C im^ and leg -1 is obtained from WJi? restricting the codomain 
to im^. 

Finally, notice that Eqs. ([7]) cover Euler-Lagrange equations (j4j) via leg -1 in the 
following sense. If a : M — > is a solution of ([7j), then leg 1 oct = ji + \S : M — Y J l+1 
for a solution s : M — > E of ([1J (see [IT] for a detailed proof). 



5 Generalized Hamilton-Jacobi Formalism 

In this section we present the analogue of Hamilton-Jacobi formalism for higher order 
Lagrangian field theories. In the spirit of |6] we first formulate a generalized Hamilton- 
Jacobi problem which does only depend on the field equations (and not directly on the 
Hamiltonian section). 
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Let (7r,j£?) be a Lagrangian field theory of the order I + 1. We use here the same 
notations as in the previous section. Moreover, we identify J l+1 with the image of the 
embedding ^ : J l+1 — > J 1 ^, thus understanding J l+1 as a submanifold in J 1 ^/. 

Problem 1 (generalized Hamilton-Jacobi) the generalized Hamilton- Jacobi (HJ 
in the following) problem for the Lagrangian theory (tt, J?f ) consists in finding a section 
T of Tq : .P — > J 1 and a flat connection V in 717 : J 1 — > M such that 

T07 is a solution of HDWE |7|) for every V -constant section 7 : M — > J 1 of 7ty, (*) 

Notice that condition Q also implies that every V-constant section is the Zth jet 
prolongation of a solution of the Euler-Lagrange equations. In order to characterize 
pairs (T, V) satisfying conditions of Problem [1] we put 

Z := U PeJ t Keruj\ P C JV. 

Z is the geometric portrait of the HDWE in the following sense. A section a of is a 
solution of the HDWE iff im j x a C Z. 

A submanifold iV C J' will be said Z-compatible iff for every P e N, there exists 
z E Z such that (tQ^o^) = -P and z C TpiV. 

Let T be a section of Tq. In the following we put V T := leg -1 o T. 

Theorem 4 Let T be a section of Tq and V a flat connection in 7T/ . The following 
assertions are equivalent 

1. (T, V) satisfies condition (^jj; 

£ im(T[i]oV) C Z; 

3. imT is Z-compatible and V = V T . 

Before proving Theorem H] we prove the following 

Lemma 5 Let T be a section of Tq and V a (possibly non flat) connection in If 
im(T[i] o V) C Z then (T, V) satisfies condition and V = V T . 

Proof. Let T and V be as in the hypothesis of the lemma. T : J 1 — > may be 
understood as a morphism of bundles over M. Let Tm : J 1 ^ — > J 1 t^ be its first jet 
prolongation. For every V-constant section 7 we have 

im ji(T 07)= im(T[i] o ^7) c im(T[ X ] o V) C Z, 
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i.e., T o 7 is a solution of HDWE. Moreover, Tji] is a section of the bundle (rj)[i] : 
JV* — > J lr Ki- Therefore, for any y G J 1 , 

V(y) = oT {1] o V)(y) = EX?{T(y)) = (leg- 1 o T)(y). 

■ 

Notice that (T, V T ) determines a section of the bundle vr ; ° +li (J^) — )• J' with values 
in 2? and vice versa. 

Proof of Theorem [H Lemma shows, in particular, that (2) ==>- (1). 

Now, let (T, V) satisfy condition 0, ?/ G J z and x = 7r;(?/). Since V is flat there 
is a V-constant (local) section 7 such that y = 7(2;). Put z := ji(T o 7)(y). Then 
( r ^)i,o(<s) = (T o 7)(x) = T(y), 2; C Tr(s/) imT and, since T o 7 is a solution of HDWE, 
z G Z. This shows that imT is Z-compatible. Thus (1) ==>- (3). 

Finally, let imT be Z-compatible. For y G J 1 , let z(y) & Z be such that {T^)ifi(z(y)) = 
T(y) and z(?/) C T T ^imT. Consider the map V : J 1 3 y 1 — )■ (tq)^]^?/)) G J 1 ^. In 
view of Proposition [21 V = V T and, since T is an immersion, (Tm V T )(y) = z(y) G 2". 
Thus (3) (2). ■ 

Lemma |5]and Theorem H] show that if T and V are a section of Tq and a flat connection 
in 717, respectively, satisfying condition (Ej), then V is completely determined by T via 
V = V T . This remark motivates the following. 

Definition 5 A section T of Tq is a solution of Problem [7] iff V T is flat and (T, V T ) 
satisfies condition $E\). 

If a solution T of Problem [TJ exists, then J 1 is (locally) foliated by Zth. jet prolonga- 
tions of solutions of the Euler-Lagrange equations. Moreover, such prolongations are 
projections of solutions of the HDWE whose image lies in imT. 

Notice that assertions (1) and (2) in Theorem H] are still equivalent if Z C JV' is 
the geometric portrait of a generic system <§ of first order PDEs, i.e., a subbundle of 
(r^)i o. On the other hand, when <f are HDWE, solutions of Problem[TJcan be explicitly 
characterized in terms of the Hamiltonian section as follows. First of all, notice that 
Tjf := ffl oT : J 1 — > *M is a differential form in A"_ 1 (J', 717). It holds the following 

Proposition 6 A section T : J 1 — > of Tq is a solution of Problem^ iff 

^"(V T )(^) = 0, (10) 

and V T is flat. 

Proof. Let T be a section of r f . Then im(T[i] o V T ) C Z iff z 1,n (T[i] o V T )(w| r ) = 0. 
Indeed, for y G J 1 , 

i^{T {1] o V T )(u\ T )(y) = i^((T {l] o V T )(y))(u\ T(y) ) = 
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iff (T[i] o V T ){y) e Keru\ T (y) C Z. Thus, T is a solution of Problem [T] iff 

= ^ n (T [1]O V T )(u;| T ) 
= i 1 ' n (V T )(T*(w)) 

= i 1 ' n (v T )(r*(tZ0)) 

= i 1 ' n (V T )(rf(T*o^*)(6)) 
= j 1 ' n (V r )K^oT) , (6)) 

= i 1 » n (v T )(tzr jr ). 

■ 

Notice that, if T is a section of Tg but V = V T is not flat, then (jlOp is still a sufficient 
condition for (T, V) to satisfy condition (jg). 



6 Hamilton-Jacobi Formalism 

In practice, it is quite hard to find solutions of the generalized HJ problem. That's why 
it is convenient to formulate a simpler problem. 

Problem 2 (Hamilton-Jacobi) The HJ problem consists in finding solutions T of 
the generalized HJ problem such that d v T = 0. 

Problem |2] extends the standard HJ problem in Lagrangian-Hamiltonian mechanics 
to higher order Lagrangian field theory. Clearly, in view of the universal property of the 
tautological element 6 VA 1 (J^, t') <S> A"I 1 (J j , 717), condition d v T = is equivalent to 
T*(d v Q) = 0, which, in its turn, is equivalent to T*{oj) G A"(J z ,7T/) (see, for instance, 
P3). Thus, if d v T = 0, we have 

i 1 ' n (v T )(dr # ) = z 1 ' n (v T )(r*(w)) = r*(w). 

Collecting results in the previous section with the above remarks we get 

Theorem 7 (Hamilton-Jacobi) A section T : J 1 — > J^ of Tq is a solution of Prob- 
lem H iff 

T*(u) = (**) 

and V T is flat. 

Theorem [7] generalizes the standard HJ theorem in Lagrangian-Hamiltonian mechanics 
to higher order Lagrangian field theory and we will refer to as the HJ equations 
(see below). If T is a section of Tq but V = V T is not flat, then is still a sufficient 
condition for i) (T, V) to satisfy condition of Problem [1] and ii) T to be <i y -closed. 
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Notice that the HJ formalism presented in this and the previous sections is actually 
independent of the fact that the Hamiltonian section is determined by a Lagrangian field 
theory and, therefore, remains valid when M' is any section of the bundle ^# — > J'. 
However, Hamiltonian sections coming from Lagrangian theories (see the appendix) are 
of a very special kind and the corresponding HJ formalism is much simpler. 

In the remaining part of this section we find coordinate formulations of both Prob- 
lems [TJ and El Let . . . , x\ . . . , uf , . . ., |/| < / be jet coordinates on J 1 and . . . , p 1 ^, . . . 
associated fiber coordinates on Jt '. Let T be a section of Tq. Locally, 



The symbols of V T are 



V?, := (V T )*K K ) 
= (FJf o T)*(uj\i) 
= (T*oFJT*)«|i) 



dH 



dpi 



oT 



u% if |/| < I 
s%oT if |/| = / 



For |/| = I, put . . . ,sj { : = s% o T, . . .. The curvature of V T is then 



with 

if /'| < / 

3 Ij 



[DiS^j — Dj5%) o V T if |/| =1 



Recall that the sfj's, \I\ = I, are implicitly defined by Eq. ([9]) and therefore 



Let M 



Mfj 



(«,/) 

be the inverse matrix of H, J , J = I + 1. Then 
{DjgfJ o V T = Eu^M^D^- 1 ) o V T , |/| = /. 



Therefore 

J if |/| < I 

IAj ~ I T,\j\UK%D j]T ^) o V T if |/| = I 
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In particular, V T is flat iff 

where square brackets denote skew-symmetrization. 
Now 



Tje = Y J \i\<iT I a l du a I d n - 1 x i - (H o T)d n x 



and 



Y^u^idT^dufd^'xi - d(H o T)d r 



x 



= E^j^Ti^jdu^-^ 

~ E|j|<,[^ + {djH) o T + E|/|<j(^ ° Tj^^duJcTx, 

so that 

^(V T )(dl» 

= Eui^Ei^jSS - W) - ^ - {djH) oT-J2 mi (™jO T)d J XWjd n x 

= -E\j\<i[ D ^ A ° VT + i d t H ) ° T}du P jd n x. 
Thus T is a solution of Problem [1] iff 

EuhCmS^i? 1 ) o V T = 0, |J| = i, 
DiTp 1 o V T + {dpH) o T = 0, |J|</. 

Now, suppose that ci^T = 0. Then, locally, T = d v S for some S G A"l}( J\ iti). If is 
locally given by 

S — — S d %i . 

then, locally, 

T = dlS l d v u P j <g> cT^x,, 

and T*(o;) is locally given by 



T*(co) = di&S 1 + Ho d v S)du p jd n x. 



Therefore, the HJ equations read 

d$(d i S i + Hod v S) = 0, \J\<1 
and T is a solution of Problem [2] iff 

E| JH «?[A]^) ° v T = o, |/| = z, 

dpfyS* + H o d v S) = 0, |J|</. 
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7 The HJ Formalisms of Equivalent Lagrangian 
Theories 



We recall that two Lagrangian densities differing by a total divergence determine the 
same Euler-Lagrange equations. We may then wonder how do Problems [1] and El and 
their solutions, change when adding a total divergence to the Lagrangian density. In 
order to answer this question let us first discuss how does the Lagrangian-Hamiltonian 
picture depicted in Sections [3] and @] changes when adding a total divergence to the 
Lagrangian density (see also [TTj). 

Let (ir, Jzf) be a Lagrangian field theory. Recall the geometric definition of total 
divergence. Let g G A.™z\( J 1 , m), and consider dg G A n (J l ). We put 

dg:=i°> n (tf)(dg) G A™( J l+1 , tt,). 

dg is then the total divergence of g. If g is locally given by g = g l d n ~ 1 Xi, dg is locally 
given by dg = Dig l d n x. Then the Lagrangian field theory (7r, Jzf), where Jzf := Jtf + dg, 
determines the same Euler-Lagrange equations as (7r, Jzf). For other geometric objects 
determined by Jzf (Hamiltonian section, inverse Legendre transform, etc.) we use the 
same notation as for those determined by Jzf simply adding a tilde. For instance, we 
denote by Jff the Hamiltonian section determined by Jzf (see below). 
Now, d v g is a section of Tq. It determines an automorphism \& : P — > P of Tq via 

M>(P) := P - d v g\ y , PeP,y := rJ(P) G J 1 . 

Similarly, the section 7r ; +1 i{d v g) determines an automorphism : 7r°, u (,P) — s- 
vr ; +lji ( P) of p. Notice that diagram 



commutes, i.e., the pair (\l/, \l/') is also a morphism of bundles over P. 

Theorem 8 i) ff = ®'*{6') + (7r l+ltl op)*(dg), ii) Co' = V'*(u') and Hi) & = ^'-\^). 
Moreover, (jr, Jzf) is hyperregular iff (jr, Jzf ) is hyperregular, and, in this case, iv) s = 
y- 1 oso$, ^ leg" 1 = leg -1 o v[r ; = M/(6») + r^*(d^) ; w«j u) = ^(u). 

Proof. First of all compute 

#'*(0 / ) = o h*)(Q) + o p*)(j5f) 
= (/i o *')*(©) + (P o *')*(j5f) 

= (h o *')*(e) + p*(jzf) . 
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Now, locally 



(ho^y( P ^)=p^-dig\ \I\<1 

,\I\<1 



(ho^r(p) = Em<i(P I a l -9 I a Q>%. 



Thus, 



= h*(Q)-p*(n* +hl (dg)-dg) 

= h*(Q)-(n l+ljl o P y(dg)+p*(dg) 

and, therefore, 

= ^(0) _ o p)*(^) + p*(dg) + p*(jgf) 

= / i *(e)+p*(^)-(7r i+M op)*(^) 
= 0'-(7r, + i,,op)*(d e ). 

We then have £>' = d0' = #'*(a/). It follows that & = tf' -1 ^). Indeed, let z e 
an d n be an element over z of the first jet bundle of vr ; ° +lji ( jt) — )> M. Then 

^(n)(u>%) = ^(n)(*'V)y = ^"(^(n))^'^), 

so that z G ^ iff ^'(z) G Since (\l/, \&') is an isomorphism of bundles over Jt, &> 
projects diffeomorphically to Jt iff & does, i.e., is hyperregular iff (7r,j£?) is. In 

this case, it immediately follows from iii) that 5 = oso$. Then 

leg 1 = p os 

= p o y'- 1 oso$ 
= poso$ 

= leg 1 o 



and 



= (M/'" 1 o s o + (tt, +1)/ o p)*(^)) 

= o tf'" 1 oso y)*(6') + (tt ;+m o p o tfr'" 1 o s o 

= (** O + (tTj+x,, O p O S O 

= ^(0) + (7^,0 leg" 1 ott)*(de) 
= ^(^) + (r t oM/)*(^) 
= ^(fl)+rj*(d e ). 
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We then have u = d6 = ^*(uu). ■ 
Now, let T be a section of rj. We put V T := leg -1 o f. We then have the following 

Corollary 9 Let T be a section of Tq and T := T + d v g. T is a solution of the 
(generalized) HJ Problem determined by Jzf iff T is a solution of the (generalized) HJ 
Problem determined by Jzf . 

Proof. Clearly, f = o T. Therefore, 

V f = leg" 1 o f 

= leg 1 or'oT 
= leg" 1 oT 

= V T , 

and 

df^ = f*(u) 

= ((^o^ofjfw) 
= T*(u) 
= dT^, 

so that 

^(V f )(df^)=^(V T )(dT^). 

Finally, d v T = iff d v f = 0. ■ 

We conclude that equivalent Lagrangians (of the same order) determine essentially 
equivalent (generalized) HJ Problems. 



8 An Example: the Biharmonic Equation 

Consider the second order Lagrangian field theory (7r, Jzf), where ir is the bundle W 1 x 
R 3 (. . . , x\ . . . ; u) i — x { ,...) E M. n and Jzf = Lcf l x, with 

Throughout this section indexes are lowered and raised using the standard Euclidean 
metric on W 1 . The Euler-Lagrange equation reads 

V 4 m = 0, (11) 
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where V 4 is the bilaplacian: 

V 4 M : //.,/'. 

Equation (flTj) is known as the biharmonic equation and its solutions as biharmonic 
functions. For n = 2 the biharmonic equation is often used to model the bending 
of a thin, elastic, undamped plate subjected to given boundary conditions. In this 
case u represents the (small) displacement from the plane (whose points are labeled 
by Cartesian coordinates x 1 ^ 2 ) where the plate is and L is the bending energy of the 
plate. 

Denote by . . . ,p A , . . . ,p^ A , . . . natural coordinates in J^i, and by p the remaining 
coordinate in ^#tti. is described by equations 

», s l>'- J: - (12) 

where round brackets denotes symmetrization, namely p^'^ := \{j> 1 ^ +p^ 1 ). Equations 
( TT2"j) show that the theory is hyperregular. The Hamiltonian section is given by Jif*(p) = 
H with 

H = p /i u i + \p {Lj) p {i - j \ 



and the HDWE read 



p A }i =0 
P jA ,i = p- ] 

Hi 

Ui,j = P(i.j) 



i,j = l,...,n. (13) 



which clearly cover ( II ip . 
The HJ equation reads 



+ vt&S 1 + li&S, + ijS^S* = f(x). (14) 

Now, let <p = 4>(x) be a biharmonic function, i.e., V 4 </> = 0. Then a direct computation 
shows that 

■= u j (j),j 1 - u<t>,j ji + G\x), i = 1, ... ,ra 

is a solution of f|T4|) . for every ntuple of functions . . . , G l = G l (x), . . . of the x's only 
(and we can even achieve / = by putting . . . , G 1 := \{4>4>ij J * ~~ 4^4>ij *);•••)• Now 

T := dX^d^Xi) = ji d v u + <f), ij d v Uj ) <8> d n - l Xi , 

and the symbols of V T are 

(V T )*( Ul )=u t , 

(y T y(u l \ 3 ) = (y T y(u ] \ t ) = <p n3 . 
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In particular, V T is flat and J 1 ^ is foliated by V T -flat sections: 

u = <p + A i x i + B, 

Ui = (p,i+Ai, (15) 

where . . . , A4, . . . , B are constants. V T -constant sections f|T5|) are first jet prolongations 
of the biharmonic functions 

<Pa,b ■= <P + A iX l + B. 
Finally for all . . . , A^ . . . , B, T o (fi A B is given by 

/'" -o, r " 
jP A = <f), ij 

u = (f) + AiX { + B 
Ui = 4>,i +Ai 

and is a solution of ffT3l) . 



A Hamiltonian Theories with Lagrangian Counter- 
parts 

A section J4? of the bundle — > P determines a PD-Hamiltonian system d9, 
9 := J4?*(0). It is natural to understand 9 as an (higher order) Hamiltonian field 
theory. However, as noticed in Section El not all Jif's come from a Lagrangian field 
theory, i.e., not all Hamiltonian field theories are determined by an underlying La- 
grangian field theory. In this appendix we characterize Hamiltonian field theories hav- 
ing a hyperregular Lagrangian counterpart. Notice, preliminarily, that any section 
ffl of j$ — > determines a morphism of bundles over J 1 (fiber derivative [2T]): 
WJj? : .P — ► J l <K h Recall that, if Jt is locally given by Jt?*(p) = H, then E#? is given 
by ...,FJTK K ) = Jgr,.... 

Theorem 10 Let M' be a section of j% — > J* . Jif is the Hamiltonian section of an 
hyperregular Lagrangian field theory of the order I + 1 iff ¥J^ takes its values in J l+1 
and : J' — > J l+l is a surjective submersion with connected fibers. 

Proof. We need to prove just the "only if implication. Thus, let WJif be a surjective 
submersion onto J l+1 with connected fibers. In particular, E^ 7 uniquely determines a 
section s of 7r / ° +1 i(J') — > P such that p o 5 = FJrff. Moreover, 
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and 

Finally, 



■rpri = tttt, whenever \I\ — \ J\ — I and Ii = Jj. 



rank 



V d 2 H rJij 



(I.i,a) 

= dimn l+hl . (16) 

Now, put 9 := Jf*(6), as above, and denote by A G VD(J^Tq) the Liouville vector 
field of J''". A is locally given by 

A = Y.\i\<iPa ''-^ri ■ 

Notice that the differential form 9 — L A 9 is actually in A"(jt, t^). Indeed, locally 

Jij„,am-l r 



L A # = La(E|/|<X- 1 ^"" ^ - 

= Ei/i^A^ 1 )^"" 1 ^ - A(tf)cTx 
= Y.\i\<iPadu c id n - 1 x l - A(H)d n x, 

and therefore, locally, 

9 - L A 9 = (A(H) - H)d n x = (£ m ^H, - H)d n x. 

We claim that 9 — L A 9 is the pull-back of a unique form Jzf G A™( J /+1 , 717+1) via FJ$?. 
To show this, it is enough that 9 — L A 9 is locally constant along fibers of ¥J^, i.e., 
L Y {9 - L A 9) = for all Y G VD( J\ WJ$f). Let Y be a vector field over J f vertical with 
respect to FJ$?. Then, in particular, Y is locally given by 

-i.i a 



Y - J2\I\<l Y a d p l a 

and, moreover, 

n Jfr) = 0. 
Let Y be such a vector field. Locally, 



L Y (9 - L A 9) = y(E|/|<^# - H)d n x = (E|/|<^(P„)# - Y(H))d n x = 0. 

Now, let & G A™( J l+l , 717+1) be such that FJT*(if) = 9-L A 9. Jgf is a Lagrangian den- 
sity of the order / + 1. Prove that (jr, Jzf ) is a hyperregular Lagrangian field theory whose 
Hamiltonian section is . Let 9' be the PD-Hamiltonian system on 7r i ° +li (J') — )■ M 
determined by Jzf and <^ its constraint submanifold. Then we have to prove that 
& = ims. Since 2? and ims are (closed) submanifolds (in 7r° +1J (J^)) of the same 
dimension, it is enough to prove that ims C 2? in any local coordinate neighborhood. 
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If Jzf is locally given by Jzf = Ld n x, then & is locally defined by (J^J). Thus, ims C ^ 
locally, iff 

s*(d I a L-Z\j\< l $MP J «) = Oi \I\=l + l. 
which in its turn, in view of ( 1T6|) . is equivalent to 



52^1=1 dp i.i dp Ji-3 S *( d f3 1JL - ^\K\<l S KkPp' ) - 

Put E = Z m <iP« k u a Kk-L- Then 

■rsr | 



s*(E)= 5 *(Z lKl<l P«- k u a Kk -L) 



= H. 

Thus 

^\JiH dp i% H p ^ s *( d 't L ~ E\ K \<i 5 K l kPf k ) = ^\JiH dp i% H ph i s *( d i 1JE ) 

= [^{E)- 5 ^E)} 

= [|fr 
= 0. 
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